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In this paper, regularity criteria for a simplified Ericksen–Leslie system and the viscous
Camassa–Holm equations are established in Besov spaces with negative index.
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1. A regularity criterion for an Ericksen–Leslie system
The hydrodynamic theory of liquid crystals was established by Ericksen and Leslie [1,2]. However, since the equations
are very complicated, we consider the following simplified Ericksen–Leslie system:
vt + v · ∇v +∇pi −∆v = −∇ · (∇d⊗∇d), (1.1)
dt + v · ∇d = ∆d− f (d), (1.2)
div v = 0, (1.3)
(v, d)|t=0 = (v0, d0) in R3, (1.4)
which includes the velocity vector v := (v1, v2, v3), the scalar pressure pi and the direction vector d := (d1, d2, d3).
The harmless term f (d) := (|d|2 − 1)d will be omitted for simplicity. Here (∇d ⊗ ∇d)ij := ∑k ∂idk · ∂jdk, and hence
∇ · (∇d⊗∇d) =∑k∆dk · ∇dk + 12∑k ∇|∇dk|2.
Although the system is simplified, it retains most of mathematical and physical difficulties of the original system. It was
proved by Lin and Liu [3] that the system (1.1)–(1.4) has a unique smooth solution globally in two dimensions and locally
in three dimensions. They also proved the global existence of weak solutions. However, the regularity of solutions to the
system is still open. The aim of this paper is to study the regularity conditions of problem (1.1)–(1.4). We will prove the
following.
Theorem 1.1. Let v0 ∈ H1, d0 ∈ H2 with div v0 = 0 inR3. Let (v, d) be a smooth solution to problem (1.1)–(1.4) for 0 < t < T .
Then (v, d) is smooth at time t = T provided that there exists a positive constant 0 such that
‖v‖L∞(0,T ;B˙−1∞,∞(R3)) ≤ 0. (1.5)
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Remark 1.1. Regularity criteria in B˙ 0∞,∞ in terms of v and curl v were established in [4]. By using Besov spaces, we can
exclude singularity of the solution. Moreover, from a mathematical viewpoint, Besov spaces are the largest function spaces,
which include general Sobolev spaces.
Before proceeding with the proof, we write down the following definition.
Definition 1.1 (cf. [5]). Let {φj}j∈Z be the Littlewood–Paley dyadic decomposition of unity that satisfies φˆ ∈ C∞0 (B2 \ B1/2),
φˆj(ξ) = φˆ(2−jξ), and∑j∈Z φˆj(ξ) = 1 for any ξ 6= 0, where ‘‘∧’’ is the Fourier transform and Br is the ball with radius r
centered at the origin. The homogeneous Besov space is defined as B˙sp,q := {f ∈ S′/P : ‖f ‖B˙sp,q <∞}with norm
‖f ‖B˙sp,q :=
(∑
j∈Z
‖2jsφj ∗ f ‖qLp
)1/q
for s ∈ R, 1 ≤ p, q ≤ ∞, where S′ is the space of tempered distributions and P is the space of polynomials.
Proof of Theorem 1.1. Since it is well known (see [6]) that there are T0 > 0 and a unique smooth solution (v, d) to problem
(1.1)–(1.4) in (0, T0], we only need to prove the a priori estimates. Therefore, in the following calculations, we assume that
the solution (v, d) is sufficiently smooth on [0, T ].
First, multiplying (1.1) and (1.2) by v and−∆d, respectively, summing them up, and using (1.3), we see that
1
2
∫
(v2 + |∇d|2)dx+
∫ T
0
∫
(|∇v|2 + |∆d|2)dxdt ≤ 1
2
∫
(v20 + |∇d0|2)dx. (1.6)
Next, we prove the following estimate:
‖d‖L∞(0,T ;L∞(R3)) ≤ max(‖d0‖L∞ , 1). (1.7)
Without loss of generality, we assume that ‖d0‖L∞ ≥ 1. Multiplying (1.2) by d, we get
∂tϕ + v · ∇ϕ −∆ϕ + 2|d|2ϕ = −2(‖d0‖2L∞ − 1)|d|2 − 2
n∑
k=1
(∂kd)2 ≤ 0,
with ϕ = |d|2 − |d0|2L∞ and ϕ|t=0 = |d0|2 − |d0|2L∞ ≤ 0.
Then (1.7) follows immediately from ϕ ≤ 0 by the maximum principle.
In the following estimates, we will use the following improved Gagliardo–Nirenberg inequalities:
‖∇v‖3L3 ≤ C‖v‖B˙−1∞,∞‖∆v‖2L2 , (1.8)
‖∇d‖L6 ≤ C‖d‖2/3L∞ ‖∇∆d‖1/3L2 , (1.9)
which were introduced in [7].
Acting curl on (1.1), and setting ω := curl v, we find that
∂tω + v · ∇ω −∆ω = ω · ∇v +
∑
k
∇∆dk ×∇dk. (1.10)
Multiplying (1.10) by ω, using (1.7)–(1.9), we get
1
2
d
dt
∫
|ω|2dx+
∫
|∇ω|2dx ≤
∫
(ω · ∇v · ω)dx+
∑
k
∫
|∇∆dk ×∇dk||ω|dx
≤ C
∫
|∇v|3dx+ C‖∇∆d‖L2‖∇d‖L6‖∇v‖L3
≤ C‖v‖B˙−1∞,∞‖∆v‖2L2 + C‖∇∆d‖
4
3
L2
‖v‖
1
3
B˙−1∞,∞
‖∆v‖
2
3
L2
≤ C‖v‖B˙−1∞,∞‖∆v‖2L2 + C‖v‖
1/3
B˙−1∞,∞
(‖∇∆d‖2L2 + ‖∆v‖2L2)
≤ C0‖∇ω‖2L2 + C1/30 (‖∇∆d‖2L2 + ‖∇ω‖2L2). (1.11)
On the other hand, acting∆ on (1.2), we have
∂t∆dk +∆(v · ∇dk) = ∆2dk. (1.12)
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Multiplying (1.12) by∆dk, using (1.7)–(1.9), we get
1
2
d
dt
∫
|∆dk|2dx+
∫
|∇∆dk|2dx = −
∫
∆(v · ∇dk) ·∆dkdx
=
∑
j
∫
∂j(v · ∇dk) · ∂j∆dkdx
=
∑
j
∫
(∂jv · ∇dk · ∂j∆dk + v · ∂j∇dk · ∂j∆dk)dx
=
∑
j
∫
(∂jv · ∇dk · ∂j∆dk − v · ∂jdk · ∂j∇∆dk)dx
=
∑
j
∫
(∂jv · ∇dk · ∂j∆dk + ∂jv · ∂jdk · ∇∆dk)dx
≤ C‖∇v‖L3‖∇d‖L6‖∇∆d‖L2
≤ C‖∇∆d‖
4
3
L2
‖v‖
1
3
B˙−1∞,∞
‖∆v‖
2
3
L2
≤ C1/30 (‖∇∆d‖2L2 + ‖∇ω‖2L2). (1.13)
Summing (1.13) over k and combining with (1.9), we have
1
2
d
dt
(∫
|ω|2dx+
∫
|∆d|2dx
)
+ ‖∇ω‖2L2 + ‖∇∆d‖2L2 ≤ C0‖∇ω‖2L2 + C1/30
(
‖∇ω‖2L2 + ‖∇∆d‖2L2
)
.
By taking 0 be small enough, we get
1
2
d
dt
(
‖ω‖2L2 + ‖∆d‖2L2
)
+ 1
2
(
‖∇ω‖2L2 + ‖∇∆d‖2L2
)
≤ 0.
Then, integrating over [0, T ], we have
‖ω(t)‖2L2 + ‖∆d(t)‖2L2 +
∫ T
0
(
‖∇ω(· , τ )‖2L2 + ‖∇∆d(· , τ )‖2L2
)
dτ ≤ ‖ω(0)‖2L2 + ‖∆d(0)‖2L2 .
Therefore, we get
‖v‖L∞(0,T ;H1) + ‖v‖L2(0,T ;H2) ≤ C, (1.14)
‖d‖L∞(0,T ;H2) + ‖d‖L2(0,T ;H3) ≤ C . (1.15)
This completes the proof. 
2. A regularity criterion for the viscous Camassa–Holm equations
Instead of using frequency local estimates (see [8]), themethod used in Section 2 is quite simple, and we believe it can be
used for other reaction–diffusion equations. Hence, we want to give an example for the viscous Camassa–Holm equations.
We study the regularity problem of the viscous Camassa–Holm equations (Navier–Stokes-α):
vt + u · ∇v +
∑
j
vj∇uj +∇pi = ∆v, (2.1)
u− α2∆u = v, (2.2)
div u = div v = 0, (2.3)
v|t=0 = v0, div u0 = div v0 = 0 in Rn, (2.4)
where v, the fluid velocity field, u, the ‘filtered’ fluid velocity, and pi , the pressure, are the unknowns. α is the length scale
parameter representing the width of the filter, and for simplicity, we will take α ≡ 1.
When u0 ∈ H1(Rn)(n = 2, 3), the global existence and uniqueness of weak solutions have been proved in [9,6]. Very
recently, Zhou and Fan [10] established various regularity criteria for the strong solution in Lp spaces and B˙0∞,∞. As a corollary,
we showed the existence of a global smooth solution when n ≤ 4.
In this paper, we will establish regularity conditions in Besov spaces.
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Theorem 2.1. Let v0 ∈ H2 with n ≥ 5 and v be a smooth solution to (2.1)–(2.4) for 0 < t < T . Then v can be extended beyond
T provided that there exists a positive constant 0 such that
‖u‖L∞(0,T ;B˙−1∞,∞(Rn)) ≤ 0. (2.5)
Remark 2.1. We also can prove regularity for the weak solution to the Navier–Stokes equations provided that
‖u‖L∞(0,T ;B˙ −1∞,∞(R3)) ≤ 0.
This gives a simple proof for a ‘cheap’ version of Corollary 3.3 in [8], in the sense that it is proved for the nonhomogeneous
Besov space B−1∞,∞ instead of the homogeneous Besov space B˙−1∞,∞.
Remark 2.2. In [11], the regularity of solutions to the magnetohydrodynamic (MHD) equations is guaranteed provided
that
u ∈ L 21−r (0, T ; B˙ −r∞,∞).
But we cannot established this type of regularity criterion here for the viscous Camassa–Holm equations.
Proof of Theorem 2.1. First, by the energy method, we have∫
|u(x, t)|2dx+
∫
| 5 u(x, t)|dx ≤ C .
Multiplying (2.1) by−∆v, using (2.3), we get
1
2
d
dt
∫
|∇v|2dx+
∫
|∆v|2dx =
∫ (
u · ∇v +
∑
j
vj∇uj
)
∆vdx
=
∫ (
(u · ∇v) ·∆v −
∑
i,j
∂ivjuj∆vi
)
dx
≤ C‖u‖L3 · ‖5v‖L6 · ‖4v‖L2
≤ C‖u‖
2
3
B˙ −1∞,∞
· ‖5v‖
1
3
L2 · ‖4v‖2L2
≤ C‖u‖
2
3
B˙ −1∞,∞
· ‖4v‖2L2,, (2.6)
where we have used the following generalized Gagliardo–Nirenberg inequality:
‖u‖ ≤ C‖u‖
2
3
B˙ −1∞,∞
· ‖∇u‖
1
3
L2 .
By taking
‖u‖
2
3
L∞(0,T ;B˙ −1∞,∞)
≤ 1
2C
,
we have
1
2
d
dt
∫
|∇v|2dx+ 1
2
∫
|∆v|2dx ≤ 0.
Then, integrating over [0, T ], we have
‖∇v(t)‖2L2 +
∫ T
0
‖∆v(· , τ )‖2L2dτ ≤ ‖∇v(0)‖2L2 .
Therefore, we get
‖v‖L∞(0,T ;H1) + ‖v‖L2(0,T ;H2) ≤ C .
The proof is complete. 
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